The singular eigenfunction expansions originally applied by Case to solutions of the transport equation are extended from the space of Holder-continuous functions to the function spaces X p jflJ.Lf(J.L)€Lp f. where the expansions are now to be interpreted in the Xp norm. The spectral family for the transport operator is then obtained explicitly, and is used to solve transport problems with X p sources and incident distributions.
I. INTRODUCTION
In 1960, Case l introduced a method of solving onespeed, one-dimensional neutron transport problems by expanding the solution in terms of "normal modes." The expansion coefficients were obtained from certain singular integral equations determined by the boundary conditions of the problemo Although the completeness theorems proved by Case were not rigorous from a mathematical point of view, his method achieved great popularity because of its close analogy with the classical method of solving boundary value problems by eigenfunction expansions o Recently, a rigorous derivation of the Case solutions has been obtained 2 ,3 by considering the spectral resolu-, tion of an operator K, which, for isotropic scattering, is defined by Kf(x,J. .L) = )..Lf(x, I.t} + 2(1 ~ c) f sf(x, s) ds.
(1)
-1 (The independendent variables x and ). . L represent, respectively, the neutron position and the cosine of the angle between the neutron veloCity vector and the x axis, and c is a positive constant", 1.) In terms of K, which acts only on )..L, the transport equation can be written as
a! I/J(x, )..L)+K-ll/J(x, )..L)=h(x, )..L),
where h = ). . L -lg and g represents the neutron source 0
A different approach to the rigorous determination of the Case formalism has been given by Hangelbroek, 4 who has shown for c < 1 that the operator
in Hangelbroek notation) is topologically equiValent to a self-adjoint operator on the Hilbert space L 2 (-1, 1) . By well-known spectral theorems, 5 this guarantees the existence of a spectral family for K 0 (This family is abstractly obtained by application of the Gel'fandNaimark theorem after a commutative C*-algebra is generated from K and the identity I. ) In all of these works, Leo, Refs o 1,2,4, final attention is restricted to Holder-continuous (or piecewise Holder -continuous) functions since the explicit formulas involve principle value integrals and boundary values of Cauchy integrals. The purpose of the present note is to show how these results can be extended to a much larger class of functions, namely, the spaces Xp ={jl )..LfE L p , p> 1}. We do this by extending the results of Ref. 1 to these spaces o We also show that the expansion formulas of that reference can be used to construct the spectral family for the operator Ko Finally, we indicate how this spectral family may be used to solve typical transport problems and suggest possible applications in other areas.
II. EXTENSION OF THE CASE FORMULAS
Our first step is to quote a theorem which will guarantee that an integral operator A: Lp -Lp of the form
is a bijection. This theorem is crucial for all the subsequent analYSis.
Theorem 0 6 : Let f(x) E Lp(-00, co), p> 1, Then the formula
defines almost everywhere a function g(x) also belonging to Lp(-co,co) 
also holds almost everywhere and 
which hold for Holder-continuous!' and which we shall refer to as Case transforms o We can simplify notation by defining (-va, 11); then Eqs. (7) and (S) become (9) where Np is a constant depending only on p.
We wish to show that Eqs. (7) and (S) are valid for 111' (11) E L p (-1, 1), p > 1. Since the discrete parts (10) ( 
11)
A(± v a )¢(± va, 11) are in L p , then it suffices to show that (10) and (11) hold for functions f (from which the contribution of the discrete modes has been subtracted out). p>l, (12) there is a corresponding A(V)E Xp defined by Eq. Proof: Using the definition
2v-1l (13) and the Case transform, we obtain 1 1
which we consider as a formal abbreviation for
In these equations, the expression (16) has been utilized.
The functions A(v)/A+(v)A-(v) and v/A+(v)A-(v) are
continuous and bounded on [_1,1] .1 Thus the first term in Eq. (15) is in Lp(-1,1) and the second term is in
Thus from Eq. (15), it is clear that 
Clearly the first term is in X p , and so is the second by application of Theorem O. 11 Also, if we have a sequence {An} such that IIAn -Allp -0 and (25). Thus by the above paragraph, Eq. (10) holds in the limit.
The above results can be summarized by a lemma:
Lemma 3: Eqs. (10) and (11) hold for any fE Xp which is of the form of Eq. (9). We can combine Lemmas 1, 2, and 3 as the following theorem:
Theorem I: The domain of the reduced transport operator K may be extended to the spaces X p , p > 1, and the Case transforms (7), (8) hold for eachf' such that 111' (M)E Lp(-I, 1).
RESOLUTION OF IDENTITY OF
From the above analysis, it is clear that the terms in Eq. (30) represent bounded operators on X p , acting on f. Thus for -1 < W < 1, E(w) is a bounded operator. In this section we shall show that the family E(w) forms part of the spectral family of K.
First, for E> 0 we have
Larsen, Sancaktar, and Zweifel 
Then by Theorem 0,
and this term also approaches 0 for a fixed j as € -0 0 Thus we can state the result as a lemmao
Lemma 4: For eachjE Xp and -1 ~ w < 1,
That is, E(w) is a continuous function of w (in the strong operator topology). Now, we will verify the following lemmao
where w=min{wllw 2 }.
Prooj: For definiteness, we consider
Then the expansion coefficients of E(w 2 )j(JJ.) are
Thus,
In a similar way, we obtain E(
Before proving Lemma 7, we will prove the following lemma which is essential in proving Lemma 7. Proof: Let
Kj(JJ.)=2:i f K(z -K)-Y(JJ.)dz
Thus U(w) is differentiable ao eo and (45) Now we get
By the previous lemma, gives the result directly, but only formally,
Prooj: By Lemma 6,
Thus by Eq, (29),
In a similar way we obtain
Equality of Eqs, (53) and (54) proves the lemma. D Also, the following identities hold by definition:
Lemmas 4, 5, 7, and 8, together with Eqs, (55) and (56) 
and E(v) is the spectral family of projection operators for the operator K, 
IV. HALF-RANGE THEORY
(58)
Then the full range coefficients A (v) of I/J e (/1) are zero for 1'< 0;
Extending /l<Po to Lp(O, 1), we obtain by continuity the extension I/J e of I/Jo, and l/JeE X p , also.
By definition of E(w), we have for -1 c:: 0.' ~ 1,
<0
which is just a statement of the half-range completeness theorem.
V. SOLUTIONS OF TRANSPORT PROBLEMS
Consider the problem
Letting <Pe (Jl) be the extension of Wo described in Eq, (57), we claim that the solution of this problem is
This function satisfies the boundary conditions, and it also satisfies the transport equation, as can be seen by inspection.
Consider next the problem
We will look only for a particular solution, Boundary conditions can be met by using solutions of the homogeneous equation.
We look for a particular solution of the form
We have the identity
Inserting Eqs. (67) and (69) in Eq. (70), we obtain (v\ax(x, Jl, 1I) ,
This is solved by taking
For II> 0, we integrate from Xo to x to get J(xo, 11, v) (73)
Xo
For II < 0, we integrate from Xl to X to get a similar equation:
The general solution of Eq. (67) which is bounded is then given by Eq, (68), where l /J is defined in Eqs. (74) and (75) 
VI. DISCUSSION
The Case transforms, Eqs. (7) and (8) were originally derived for Holder-continuous functions f', and we have shown that they can be extended to functions f' E Xp.
Furthermore, we have constructed the spectral family for K in each of the Xp spaces, p > 1, and we have shown how to use this spectral family to solve typical problems, Several aspects of these results seem worthy of further commenL First, the conditions that f' (11) be in Lp means that the Case formulas hold for functions f' which can be highly Singular at 11 = O. However, this feature was shown in Sec. V to be essential in solving problems with sources, since the modified source qo = l1-l q had to be written as a "full-range" expansion, Second, the removal of the unphysical Holder condition onf' constitutes an obvious generalization. We emphasize that for Holder-continuous f', Eqs. (7) and (8) hold pointwise for each 11, while, for f' E X p , Eqs, (7) and (8) hold only in the (integral) norm of X p '
The existence of a spectral family for K was established by Hangelbroek 4 for L2 and c < 1 by showing that K is topologically equivalent to a self-adjoint operator. Our results show that this family exists not only for L2 and c < 1, but for the much larger spaces X p , p > 1, and for any value of c > 0, This phYSically natural space for the transport operator is Xl' but in this space interesting mathematical difficulties occur. For p = 1, Theorem 0 is no longer true; in fact the principal value operator is definitely unbounded.
6 Also the projection operators E(w) for -1 < W < 1 are unbounded, so formulas such as Eq, (42) cannot hold in the usual Stieltjes sense, We shall not consider here the problem of generalizing the Case formulas to Xl' Instead, we refer the reader to Ref. 7, in which this problem has been solved by methods different from those introduced here, Since the solutions of the transport equations obtained in Ref. 7 include those obtained in Sec, V of the present paper as a special case, we should comment on the applicability of the present results, First, convenient orthogonality relations such as Eq. (11) and a corresponding formula for the half-range expansion coefficient are available in the Case approach, but not in the method used in Ref, 7, Second, the completeness and spectral properties of the Case eigenfunctions or closely allied techniques have been applied to a number of problems independent of Simply solving the transport equation, For example, the solution of the inverse problem,8 the rigorous derivation of the equation of invariant imbedding, 9 the justification of the multiple scattering expansion, 10 the solution of the transport equation in cylindrical or spherical geometries, 11 as well as a whole host of problems involving the solution of equations which have arisen in a number of astronomical, physical or engineering applications, 11 It is hoped that generalizing the class of functions which may be expanded in Case eigenfunctions may increase the number of possible applications such as those enumerated above, Finally, we point out that it is of some mathematical interest to demonstrate the spectral family for an operator (not normal) for which a general spectral theorem has not been proved, Other such operators may be treated by methods similar to those used here.
